The relative efficiency of their application to polyhedral and polygonal grids is detailed. The extension to higher degrees of precision is discussed.
I. Introduction
Two of the current themes in computational physics are high-order accurate methods and the employment of arbitrary grids. We are interested in using these ideas in the discretization of integral conservation laws. As applied to a finite domain, these state that the rate of change of a conserved quantity inside a domain is equal to integrated effects over its boundary, and possibly its net creation inside the domain. For three-dimensional problems, the domain is a volume element, and the boundary is a closed surface. For two-dimensional problems, the dimensions of the geometric elements are reduced by one.
A general procedure for obtaining a high-order accurate discretization of equations on a given arbitrary grid would involve the following steps: The type of term being evaluated will also play a role in choosing between a Gauss or Lobatto formula.
II. Exact

Integrals of Polynomials for the Fundamental Shapes
Let r denote the position vector of a point in space with respect to an arbitrary origin. 
and the tetrahedron (n = 4) is defined by the points rl, r2, r3, and r4, and has the volume
In order to derive the formulas for the integrals of the tensor products, instead of employing the conventional simplex coordinates, it is simpler for our purposes to use the independent parametric representations for the three fundamental shapes shown in figure l(a-c).
Here the parameters u, v, and w range from 0 to 1. A point on the line segznent is given by
and the differential element dL is A point on the triangular face is given by
and the differential element is
Similarly, a point in the tetrahedron is given by
and the differential element is 
Here the range for each summation is from 1 to n. In eqs. (6d) to (6f), we have only indicated one term in some of the summations, the others being obtained from the independent permutations of the indices.
For example, there are three terms in the second summation in eq. (6d), namely, r_rirj, rirjri, and rjriri.
Similarly, there are six, three, and four terms in the second to fourth summations in eq. (6e), and ten, fifteen, ten, ten, and five terms in the second to sixth summations in eq. (6f), respectively. The above formulas can be simplified when the order of the tensor products is greater than n. It can then be shown that the contribution of all the summations involving an even number of indices is equal to that of the summations involving an odd number of indices. Thus for the line segment (n = 2), eq. (6d) can be replaced by
For the line segment (n = 2) and the triangle (n = 3), eq. (6e) can be replaced by
Finally, for all three shapes, eq. (6f) can be replaced by 6) and (7), we can easily derive the following relations for the integrals of generic monomials in Cartesian coordinates:
When the order of the monomial is greater than n, the relations can be simplified, and one obtains 
where rq g is a quadrature point belonging to symmetry group g. The symmetry is most clearly evident when viewed from the centroid of each fundamental shape.
We therefore find it useful to introduce a parameterization based on the centroid, rather than the conventional simplex coordinates, to classify the quadrature points.
Let _ denote the position vector with respect to the centroid of the fundamental shape. Therefore 6) and (7) in terms of centroid based position vectors reduce to
Notethat in general the integrals of the tensor products of f up to the fifth order are just proportional to the sum over all vertices of the tensor products of _i. The only exception is for the integral of the fourth order tensor product over the tetrahedron, where the additional of terms _":_i_'_j(rir_rjrj +'" ") (total of three terms) are necessary.
A. Symmetry Groups
The first symmetry group consists of the centroid r c. The second symmetry group consists of the n one-parameter vertex based quadrature points 1 r-P-afi (---<a<l,a#0).n_l --(16) a = 1 corresponds to the vertex, while a = -_-1 is the opposite vertex, midpoint of the opposite edge, and centroid of the opposite face for the line segment, triangle, and tetrahedron, respectively, a = 0 corresponds to the centroid, and therefore it must be excluded from this group. Note that for the line segment (n = 2), the parameter a and -a describe the same group. If we sum the contribution from all members of the vertex based group, we obtain, from eq. (1), the relation 0c2 _3
_
The third symmetry group consists of the n(n -1) two-parameter edge based quadrature points
for edge ij. To exclude points which are already in the first two groups, 7 and _ must not equal zero, and j must not equal i. Here we also assume that 7 and 6 are not equal.
(When the two parameters are the same we defined a fourth group, to be discussed below.) For the line segment, the third group is not necessary, since the first two groups cover the complete domain.
It is easy to show that the values of 7 and 6 in the 7 -6 plane are restricted to the triangle determined by the points (0, 1), (1,0), and ( 1 ! ) in order n-2' n-2
for the quadrature points to lie in the domain. When 7 + 6 = 1 the quadrature points lie on the edge ij.
Note that for the triangle (n = 3) the group (7,/5) is also equivalent to the groups (-6, 7 -6) and (6 -7, -7).
If we substitute eq. (18) into eq. (1) (expanded about the centroid) and sum over all the edges, we obtain a series involving sums of tensor products of t'Y* ij. These can be expressed in terms of sums of tensor products of _i as 
i 3#i i
In deriving the above equations, we made use of the same simplifications that were employed to obtain eqs. (7) . The fourth symmetry group is a degenerate case of the third symmetry group when 3' = 6 _=/3, and consists of the n(n -1)/2 one-parameter edge based quadrature points P_ --/3(Pi + Pj)
/3 = ½ corresponds to the midpoint of the edge ij. This _oup is not necessary for the triangle (n = 3), since the vertex based group already includes this case. We therefore show results for the tetrahedron (n = 4) only.
For this case the parameter 13 and -/3 describe the same group. The relevant tensor product summations over the edges can then be expressed as
The conventional simplex coordinate #i are defined by where r = E#ir_,
It is easy to establish the relations between our centroidal parameterization and the conventional simplex coordinates for the four symmetry _oups as follows: Note that for n = 2 or 3, the column _i _-'_q(ririrjrj +'") is not applicable, but six times the coefficients in that column must be added to the coefficients in column _-_i r_rir_f_. All s)nnmetric quadrature formulas of any degree of precision up to five can be derived from this 
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